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(u, v) =
m∑
i=1
uivi, ‖u‖ =
√
(u, u).
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(A− λE)x = 0, (1.1)
 A K -. 2$ 62 m × m  E K /. 2$ 
&( ? # /H- ?2 6/H λ# 0.
 /(H  +. 21&.# 2 & 2
(x, x) = 1. (1.2)
9 $&(   01 6&  + ? 68
/.  H- 2 ?  (λ, x) - 2$
A  6 jFk# 6/ (1.1)# (1.2) 21 2(  &H 68
/ &( 60 (λ, x)  &.  +22 )A
(A− λE)dx
dt
− xdλ
dt
= −(A− λE)x, (1.3)
2
(
x,
dx
dt
)
= 1− (x, x). (1.4)

6$.  (1.3)  (1.4) -&.. 22 i&A
dx
dt
∣∣∣
tn
≈ xn+1 − xn
τn
= vn ,
dλ
dt
∣∣∣
tn
≈ λn+1 − λn
τn
= μn. (1.5)
 6&( 22 .  62 vn  μnA
(A− λnE)vn − μnxn = −rn, (1.6)
2(vn, xn) = 1− (xn, xn), (1.7)
 rn K .6 . (1.1)#   
rn = (A− λnE)xn. (1.8)
& -2 vn  
vn = −xn + μnθn, (1.9)
 + (1.9)  (1.6)  (1.7) 
(A− λnE)θn = xn, (1.10)
    DJ
2μn(θn, xn) = 1 + (xn, xn). (1.11)
&( +. /( . (1.11) ?&(9 $#  (θn, xn) = 0  2
22 6 (1.11) 22
μn =
1 + (xn, xn)
2(θn, xn)
. (1.12)
2 &0 &?/0  (1.10) 9. &( θn 8
2 6 0 2 & /&. θn# &/ μn +&.. +
72& (1.12) & (1.5) &H- +?&1. xn+1, λn+1 /&.H.
+ 72&2
xn+1 = xn + τnvn = (1− τn)xn + τnμnθn,
λn+1 = λn + τnμn , n = 0, 1, ...,
(1.13)
 n K 2 $# τn > 0 $ +2  (λ0, x0) K /&(
+?&1 6  2 9.   6 72& (1.13) +
τn = 1 +&2 &2 +  ?/2 22 (H &. 68
/ (1.1)# (1.2) /2  ?#   2 ? $  92
I&.# / 09 /&( +?&1. ?-#  02(
$ +$ (1.13)#   ( 02 6.  ? 8
$ +2 τn > 0 
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&2 02( +&2 $ +$ (1.13) 6 78
2& .6 (1.8) . (1.1)  n82 9  /2 (1.6)# (1.7) &
1 &. .6  n + 182 9
rn+1 = (1− τn)rn − τ2nμnvn. (2.1)
&&(# 22
‖rn+1‖2 = (1− τn)2‖rn‖2 − 2(1− τn)τ2nμn(rn, vn) + τ4nμ2n‖vn‖2. (2.2)
  +& &H-. 2 
"-#"$% <&8&?022  /2 &2 ?. 2 .6
 $  $ .&.. +& 
ϕ(τn) = (τn − 2)‖rn‖2 − 2(1− τn)τnμn(rn, vn) + τ3nμ2n‖vn‖2 < 0. (2.3a)

6&( 2 & 6 9.
‖rn+1‖2 = ‖rn‖2 + τnϕ(τn), (2.3b)
 & 6 (2.2) 
H .# / 1 $ +2 τn ?( # /? 8
+&.&( & (2.3a) #   6/. $ +2
τn# &. 0 +&..  (2.3a)  ?-2 &/ 6&( 
  # +. /( 9. (2.2) ( +&1&(. 8
/. 7$.  αn = μnτ2n    22&( 6/.
min
αn
‖rn+1‖2 = ‖rn+1(α∗n)‖2 = (1− τn)2
(
1− (rn, vn)
2
‖rn‖2‖vn‖2
)
‖rn‖2 (2.4)
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+ 6/ αn = α∗n
α∗n =
(1− τn)(rn, vn)
‖vn‖2 . (2.5)
' (# / (2.5) I& H
D(τn) ≡ μnτ2n‖vn‖2 − (1− τn)(rn, vn) = 0, (2.6)
  /&.H. + 72&
τ˜n =
−(rn, vn)±
√
Δn
2μn‖vn‖2 , (2.7)

Δn = (rn, vn)2 + 4μn(rn, vn)‖vn‖2. (2.8)
) 72&2  6&( ?   &H- 2 
"-#"$% <&<& ( $ +2 τn ? + 72&A
τn =
⎧⎨⎩
max {0.1; τ˜n} & min {τ˜n; 1.9}, & Δn  0, (2.9a)
1, & μ2n‖vn‖2 < ‖rn‖2  Δn < 0, (2.9b)
τn, & μ
2
n‖vn‖2  ‖rn‖2  Δn < 0, (2.9c)
 τ˜n K ( . (2.6)  & (0, 2)#  τn K ( . g(τn) =
0  & (0, 1)# 
g(τn) = (τn − 2)‖rn‖2 − 2(1− τn)τnμn(rn, vn) + τ2nμ2n‖vn‖2. (2.10)
  +& 
‖rn+1‖ = qn‖rn‖, qn < 1, n = 0, 1, . . . , (2.11)
+/2 + Δn > 0
qn = |1− τn|
√
1− (rn, vn)
2
‖rn‖2‖vn‖2 . (2.12)

6&( ( Δn > 0    ( . !D F" &1 
& (0, 2)# +&( D(0)D(2) = −Δn < 0 ,& /# I ( +8
&1 & (0, 1) + μn(rn, vn) > 0  +&1 & (1, 2) +
μn(rn, vn) < 0 &/ μn(rn, vn) = 0 &H/.# ? τ∗n = 0   6 !D B"
& !D <<" 
( Δn < 0  I2 &/ &(0  . !D F"  8
-   212  22&( 6/ ‖rn+1‖ + +2&(2
+2 αn # 2 212  τn# &. 0 &.. 8
 (2.3a)  22 &# +&(62#  7 /
ϕ(0) = −2‖rn‖2 < 0,
ϕ(1) = −‖rn‖2 + μ2n‖vn‖2. (2.13)
& μ2n‖vn‖2 < ‖rn‖2#  ϕ(1) < 0 # &&(# 212 ?( τn = 1 
  6 (2.3b) &  ‖rn+1‖ < ‖rn‖ i 6/# / +&..
    @<
&H !D <<" & μ2n‖vn‖2  ‖rn‖2#  ϕ(1)  0  g(1)  0   6 !D <@"
 !D <>" 2H 2 9. ϕ(0)ϕ(1) < 0  g(0)g(1) < 0#  +&..
  & (0, 1)
ϕ(τn) < g(τn).
i 6/# / & 2 ?2 g(τ¯n) = 0#  ϕ(τ¯n) < 0  I2 &/# 6
 (2.3c)   !D <<"   qn < 1  2 ?62#
? + 72& !D J" ?+/ 2 ? 2 .6 
( Δn = 0# / I& τn = 0 & τn = 2  I2 &/# (
02 $ 21 62&.(. 0 6 I $   8
/ 6  0  ? 6/. τn# +2# 0.1  τn  1.9  2
6 +&(H 
%$")% " <&L&  &/ 02 $ +$ !< <@" -8
 /& N # / + 0 n  N &/ εn = μn‖vn‖2 . &(
 2&  2 22 22
√
Δn = |(rn, vn)|
√
1 +
4εn
(rn, vn)
≈ |(rn, vn)|
(
1 +
2εn
(rn, vn)
)
.
 #  & 72& !D ="# +& 2+
τ˜n =
−(rn, vn)±
√
Δn
2μn‖vn‖2 → 1 + n→∞ (2.14)
  #  ?& 2/ 9# $ +$ !< <@" +8
-. + τn → 1  2 (H# 2H- /H ( 08
2( I2 21 1(# / $ +$ !< <@" 0. 8
/#  / 2&  2 9. (λ, x) 
%$")% " <&?& $ !D <<" .&.. +/ +# + Δn > 0#
+&( 2 212 / /&.( &/ qn + 72& !D <D" 
%$")% " <&M& ?6/2 f(τn) = ‖rn+1‖2#  22  +6H
f ′(τn) = 2(τn − 1)‖rn‖2 − 2(2τn − 3τ2n)μn(rn, vn) + 4τ3nμ2n‖vn‖2. (2.15)
# / f ′(0) = −2‖rn‖2 < 0  f ′(2) = 2f(2) > 0 H &# / 7$.
f(τn) 2 0. ?  222  & !>#D"  2 ?62 21
 +2&( 6/ $ +2 τn = τ∗n # /&.. 
?/ . f ′(τ∗n) = 0 
) 22 -   ? +2 τn# &. / ++92
9 !D D"  
‖rn+1‖2 = (1− τn)2‖rn‖2 + τ2nψ(τn), (2.16)

ψ(τn) = μ2n‖vn‖2τ2n − 2μn(1− τn)(rn, vn). (2.17)
(
Δ˜n = (rn, vn)2 + 2μn‖vn‖2(rn, vn) > 0. (2.18)
@D  
  
  

  /. &( τn 7$. ψ(τn) 2  -0
. τ−n , τ
+
n (τ
−
n < τ
+
n ). /# /
ψ(τn) < 0, & τ−n < τn < τ
+
n . (2.19)
? $ +2 τn 6  1. μn(rn, vn)A
(i) ( μn(rn, vn) > 0   τ−n < 0, 0 < τ
+
n < 1  +I2
ψ(τn) < 0, & τn ∈ (0, τ+n ). (2.20)
(ii) ( μn(rn, vn) < 0   1 < τ−n < 2 < τ
+
n  +I2
ψ(τn) < 0, & τn ∈ (τ−n , 2). (2.21)
&/ μn(rn, vn) = 0 &H/.# ? τ−n = τ+n = 0  ψ(τ±n ) = 0 6 !D <F"# !D D>"
 !D D<" &
‖rn+1‖ < qn‖rn‖, qn = |1− τn| < 1, n = 0, 1, ... (2.22)
+ & τn ∈ (0, 2)
⋂
(τ−n , τ+n ) $ +2 τn ?2 ?( 6
&.
qn < qn−1. (2.23)
"$$% <&N& 
/2 &2 +&.  !D D@" .&..
?( $ +2 τn + 72&
τn =
⎧⎨⎩ min
[
‖rn−1‖
‖rn‖ τn−1; 1
]
 &/ (i), (τ0 ≈ 0.1),
max
[
‖rn‖
‖rn−1‖τn−1; 1
]
 &/ (ii), (τ0 ≈ 1.9).
(2.24)

6&( 22 &/ (i)   τn−1 ∈ (0, τ+n−1) ⊂ (0, 1) # &8
&( ‖rn‖ < ‖rn−1‖ ( τn = ‖rn−1‖‖rn‖ τn−1   22 1 > τn > τn−1# &8
&( ? +& & !D D@" ( τn ≡ 1   qn = |1− τn| = 0#
  1 2. qn−1 = |1 − τn−1| > 0#  1 +&.. !D D@" &/2
?62 6. !D D@"  &/ (ii) 
( Δ˜n < 0  I2 &/ 7$. ψ(τn)  2 &(0  
+I2   (9# 2 1 +&(6(  (2.3a) &. # /?
?( $ +2# ?+/H- 2(9 2 ‖rn‖ 
$  $    6  Δ˜n < 0 # / μn(rn, vn) < 0
 Δn < 0#  +& &H-. 2 
"-#"$% <&O& ( $ +2 τn ?  
τn =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
min (1; ‖rn−1‖‖rn‖ τn−1), & Δ˜n > 0  μn(rn, vn) > 0, τ0 ≈ 0.1,
max (1; ‖rn‖‖rn−1‖τn−1), & Δ˜n > 0  μn(rn, vn) < 0, τ0 ≈ 1.9,
1, & μ2n‖vn‖2 < ‖rn‖2  Δ˜n < 0,
τn, & μ
2
n‖vn‖2  ‖rn‖2  Δ˜n < 0,
(2.25)
 τn K ( . g(τn) = 0# +&1-  & (0, 1)  
+& 
‖rn+1‖  qn‖rn‖, q < 1, n = 0, 1, ..., (2.26)
    @@
+/2 + Δ˜n > 0
qn = |1− τn|. (2.27)

6&( &/ 6&( 2 D D 
L& 	"' "E %D ;%7%)%  % ,-I,9*"  +" ; %)" D
22 &H 6/  ? 6/.
A(λ)x = 0, (3.1)
(x, x) − 1 = 0, (3.2)
 A K 2$ & 6.-.  +&( +2 λ ) +8
2.. 1 &. 6/ !@ <"# !@ D"# . .  H
A(λn)θn = −A′(λn)xn. (3.3)
g( A
′
(λn) +6. 2$ A(λ) + +&(2 +2 λ (
++ μn /&.. + 72& !< <D"  &H- +?&1. &. xn+1#
λn+1 0.. + 72& !< <@"#  .6 +&.. 1.2 rn =
A(λn)xn   & +6(# /
rn+1 = (1 − τn)rn + τ2nμnA
′
(λn)vn + O(τ2nμ
2
n). (3.4)
 !@ B"  !D <" +6# / .6 rn+1, rn+1 2H H
&H /( I2 +& 2 D D  D =# & 62( vn /6
−A′(λn)vn 
?& ,'"  +E P:,A"#$" 9
/ +&2 &2 +  6&/0 0 68
/0 g( +2 6&( /& I+2 22# /  0
/0 $ +$ +-.#  ‖rn‖  ε#  ε K 6
+&1&( 2& /& 
#$"# 8&  6# 29?H-. 7$.  2+2 &2
 &8&6 &. H
ϕ(x) =
∑
k∈Z
ckϕ(2x− k), (4.1)
 ck K 6H. 7&(8I77$2#  ?/ 6?& 

&. +& /2# / ϕ(x) K 29?H-. 7$. 
?9 
&2 [0, 2N − 1] 6 . 29?. !B <" &# / 6/.
+60 29?H- 7$ &.H H
ϕ(m)(i) = 2m
2N−1∑
k=0
ckϕ
(m)(2i− k), 1  i  2N − 2,
@B  
  
  

 6+.  2/ 72A
HΦ(m) = 2−mΦ(m), (4.2)
 Φ(m) = (ϕ(m)1 , ϕ
(m)
2 , ..., ϕ
(m)
2N−2)
T

H =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
c1 c0 0 0 . . . 0 0
c3 c2 c1 c0 . . . 0 0
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
c2N−1 c2N−2 c2N−3 c2N−4 . . . 0 0
0 0 c2N−1 c2N−2 . . . c1 c0
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0 0 0 0 . . . c2N−1 c2N−2
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(2N−2)×(2N−2)
 2 ?62# /& 6/ +60 ϕ(m)  /0 i . 
01H ?  Φ(m) 2$ H # H-2 68
2 ?2 6/H λ = 2−m 
&. 9. 6/ !B D" +2& )#
+  +70 D  @  6&/0 N  @  <> ?& /& 8
 Φ(m) = (ϕ(m)1 , ϕ
(m)
2 , ..., ϕ
(m)
2N−2), m = 0, 1, 2,   6&(  /(H 
10−13 +H  6&(2 ? jJk 
&.   ?&$ < +2
/& 6&( &. &/. m = 1  N = 3 g( 6/. $
+2 τn +&.H.  +2-(H 72& !D J" 
L?&$ <
/&( +?&1.A λ0 = 17,
(ϕ(1)1 , ϕ
(1)
2 , ϕ
(1)
3 , ϕ
(1)
4 ) = (4;−7; 0; 0), ε = 10−12
n τn ‖rn‖ λn
< < CJJJJJJJJ @D J=BC>E=EB<B C FJ@>>@F@>==E
@ > JCB>=CD= > >@DJ<>BCCCE> > E>BEDC<@CJ<>
F < >>>>>@C>F > >>>>>>>>EJE< > E>>>>>>>CJDD
= < > >>>>>>>>>>>> > E>>>>>>>>>>>
ϕ
(1)
1 = 1.63845234088564 ϕ
(1)
2 = −2.23275819046264
ϕ
(1)
3 = 0.5501593582749 ϕ
(1)
4 = 0.0441464913050
#$"# <& 22 6/  ? 6/. &. 0&(8
 2$#
A =
1
h2
⎛⎜⎜⎜⎜⎜⎜⎜⎝
2 −1 0 . . . 0 0
−1 2 −1 . . . 0 0
0 −1 2 . . . 0 0
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0 0 0 . . . 2 −1
0 0 0 . . . −1 2
⎞⎟⎟⎟⎟⎟⎟⎟⎠
(N−1)×(N−1)
 6# ? 6/. 2$ A +&.H. + 72&
λk =
4
h2
sin2
πk
2N
, k = 1, 2, . . . , N − 1, h = 1
N
.
    @E
!" !?"
  3"  	"  
"% 	"# 		%
 τn  '1* '	* 
τ∗n '*
 ? 6/. 2$ A 62(H 9×9 /&  ?2
$0 +2 τn 6 !D J"  τ
∗
n    < 6 /& $ +
/&(2 +?&1 λk,0 ∈ [ak, bk], k = 1, ..., 9 &. $0 +2
τn !"  τ
∗
n !?"#  
#$"# L& 22 2$  +&T2&( 62(H  +8
&( +2 λ#
A(λ) = E4λ2 + A1λ + A2, β ≡ 1 + α,

A1 =
⎛⎜⎜⎝
3α −(1 + α2 + 2β2) α(1 + 2β2) −β2(α2 + β2)
2 0 0 0
0 2 0 0
0 0 2 0
⎞⎟⎟⎠ ,
A2 =
⎛⎜⎜⎝
−1 + 2α2 α(1 − α2 − 2β2) 2α2β2 −αβ2(α2 + β2)
2α −(α2 + 2β2) 2αβ2 −β2(α2 + β2)
1 0 0 0
0 1 0 0
⎞⎟⎟⎠ .
 6 jCk#  + α = 0 2 2( 6&0 +0 ?0
6/ −α, −α ± (1 + α)i, ±(1 + α)i, ±i, 0  α = 0# ? 6/
λ = 0 2 ( D  λ = ±i 2 ( @ 
@F  
  
  

L?&$ D# !ε = 10−8"
!D J" !D DE"
n τn ‖rn‖ λn + α τn ‖rn‖ λn + α
> < >>>>>>> < CC!8>>" 8E >>!8><" < C<@<FBJ < CC!8>>" 8E >>!8><"
< < ><FBJ<C C E>!8><" 8C <>!8>@" < @F<<@<E < B<!8>>" @ JD!8><"
D > J==D<CB < <F!8>D" D BB!8>@" < >>>>>>> D >E!8>>" 8B CJ!8><"
@ < >>CDDB@ D E<!8>B" < DJ!8>B" < >>>>>>> B CD!8><" 8D >E!8><"
B < >>>B<<E D >E!8>F" 8C =F!8>=" < >>>>>>> < <C!8><" 8< D=!8>D"
E < >>>>>D> C BF!8<>" @ =>!8<>" < >>>>>>> < F>!8>@" E C=!8>B"
F < >>>>>>> < =D!8>F" 8@ >@!8>="
= < >>>>>>> C CE!8<@" D JB!8<B"
+2&( ? jBk
n τ∗n ‖rn‖ λn + α τn ‖rn‖ λn + α
> < >BE<E<@ < CC!8>>" 8E >>!8><" > C@<DB<D < CC!8>>" 8E >>!8><"
< > JJDFFED C BC!8><" < B<!8>D" > JCC=BB= > CJ!8>>" 8J <<!8>D"
D > JJJ=D>E < <<!8>D" 8B >F!8>@" > JJJB==< > <>!8>>" < CJ!8>D"
@ < >>>F@>= < EF!8>B" 8< FE!8>B" > JJJJJCC D @>!8>@" 8E F=!8>B"
B < >>>>>>< @ @J!8>C" B BC!8>C" > JJJJJJJ D BB!8>F" 8D B>!8>F"
E < >>>>>>> < <C!8<B" 8< @J!8<B" < >>>>>>> < DD!8<<" 8< EF!8<D"
,& /& - + ? 6/ λ = −α# (α = 1)#
 92 τn ?2 + 72&2 !D J"# !D DE"  τ
∗
n   ?&$ D +
62 &/ τn# τ
∗
n  ‖rn‖  2 $  ?&$ D +6
+2- +&1   ? 2 +2&( ? 8
$ +2 τ∗n )  1 6 ?&$ D # / +2&(
? τ∗  &/9H ( 02 /2 ? +&1  ?
jBk 
A,-: '9"#%9@#+
j<k ,0&   # %   # ?&(  ) n& 2 ) A #
<JC= 
jDk    # 6$ *  )$  /&. ) A # <JCB 
j@k %&   # 6    02 $   +
& 2 (H %& /& 22  22 76 #  @D# <JJD#
 CBFKCEF 
jBk &   n& 2 ) A # <J=C 
jEk & , 22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